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Abstract

Self-dual codes are one of the most important classes of
linear codes. Power residue classes are widely used in
the constructions of linear codes and pseudo-random se-
quences. In this paper, we give new constructions of
self-dual codes over GF(2) and GF(4) by eighth power
residues. We get multiple pure double circulant codes
and bordered double circulant codes. Some of these new
self-dual codes have large minimum distances.
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1 Introduction

The famous paper ”A mathematical theory of commu-
nication” [26] by Shannon marked the beginning of cod-
ing theory. Codes with good properties have many ap-
plications in cryptography and communication systems.
Most of the codes constructed in the initial stage were
binary codes. Now, codes over finite fields and over finite
rings are very common in both mathematical and engi-
neering literatures. Thanks to having neat mathematical
structure and being easy to code and decode, linear codes
play a decisive role in coding theory. It is worth not-
ing that, among linear codes, there is one class of special
codes, i.e., self-dual codes which are widely used in data
transmission and have become important tools to con-
struct quantum error-correcting codes. Therefore various
methods of construction and analysis of self-dual codes
have been presented by coding researchers and various
classes of linear codes with self-dual property appeared
successively in many literatures. For example, readers can
refer to [1-6,9,11,17-19,22, 24, 25,28, 29] or can also refer
to the survey paper [13] for the advances of early research
in this field. It is well known that power residue classes
have become an important tool to construct stream ci-

pher sequences with good pseudo-random properties (for
example, see [7,23,27]). In fact, they have also been
used to construct error-correcting codes, and a very in-
teresting method of constructing linear codes or self-dual
codes is combining double circulant matrices and residue
classes to give the generator matrix of codes(for example,
see [8,10,12,16,21])). But, in most of the relevant lit-
eratures at present, the residue being used to construct
codes are mainly quadratic residue.

Recently, Zhang and Ge introduced fourth power
residue double circulant and obtained several new
infinite families of classes of self-dual codes over
GF(2), GF(3), GF(4), GF(8), GF(9) [30]. Some of these
codes have better minimum weight than previously known
codes. In this paper, inspired by their methods, we con-
struct double circulant self-dual codes by by higher power
residues, especially eighth power residues. We give new
constructions of self-dual codes over GF(2) and GF(4) by
prime p of the form 16f + 9, and some of these codes
have good parameters. Examples of such codes are bi-
nary self-dual [82, 41, 14] code, quaternary self-dual [82,
41, 14] code and quaternary self-dual [84, 42, 12] code.
All computation have been done by MATLAB R2017b
and MAGMA V2.12 on a 2.50 GHz CPU.

The paper is organized as follows. In Section 2, we give
the relevant knowledge of double circulant codes and self-
dual codes. In Section 3, we describe the detailed process
of constructing linear codes by eighth power residues and
discuss the parameter conditions satisfying self-dual prop-
erty. Section 4 considers the constructions over GF(2) and
GF(4) respectively. A conclusion is given in Section 5.

2 Preliminaries

Self-Dual Codes. A linear [n,k] code C of length n
and dimension k£ over the Galois field with ¢ ele-
ments GF(q) is a linear subspace of dimension k of
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GF(q)™, where ¢ is a prime power. An element of
the code C is called a codeword of C. A generator
matrix of C' is a matrix whose rows generate C. Let
x = (x1,%2,....,2,) and y = (y1,Y2, .., Yn) be two
codewords of GF(q)". The Euclidean inner product
is defined by (z,y) = Y., z;y;. For a linear code C,
the code C+ = {z € GF(q)"|(x,c) = 0 for all c € C}
is called its Euclidean dual code. And we say C
is self-orthogonal if C C C+ and C is self-dual if
C=C+.

Definition 1. [30]: Let P,(R) and B, (R) be codes with
generator matrices of the form

and

In+1

respectively, where o € GF(q), I is the identity matriz
and R is an n X n circulant matriz. An n by n circulant
matriz has the form

To Ty T2 Tn—1
T™—-1 To T1 Tn—2 (3)
™ e T3 To

so that each successive row is a cyclic shift of the previous
one. The codes P,(R) and B, (R) are called pure double

circulant and bordered double circulant, respectively.

The (Hamming) distance between two codewords x
and y denoted by d(z,y), is defined to be the num-
ber of places at which z and y differ. The Hamming
weight of a codeword is the number of non-zero compo-
nents. And the minimum distance d(C) of C is defined
by d(C) = min{d(z,y)|z # y € C}, and it also equals to
the minimum weight of the codewords of C' except for 0.

Let C be a self-dual code over GF(q) of length n and
minimum distance d(C). Then the following bounds are
known in [14,22, 24, 25]. For binary self-dual codes:

4[2] + 4, if n# 22 (mod 24),
() < { 4@] +6, if n=22 (mod 24).

The minimum distance of a self-dual ternary code C
satisfies: d(C') < 3[{5] + 3 and for quaternary Euclidean
self-dual codes: d(C) < 4[{5] +4. The code C is called
extremal if the equality holds. If a code has the highest
possible minimum weight for its length and dimension, we
call it optimal.

In this paper, we construct a circulant matrix R by
eighth power residue and get a necessary condition such
that the corresponding codes are self-dual. Further, under
this condition, we get two kinds of codes called pure eighth
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power residue double circulant code and bordered eighth
power residue double circulant code, respectively. Some
codes have large minimum distances, and almost reach
the bounds of the minimum distance.

3 Generator Matrices of Eighth
Power Residue Double Circu-
lant Self-Dual Codes

Let p = Nf + 1 be a prime with a fixed primitive root
g over GF(¢q). We define the Nth cyclotomic classes
Co, Cl, ceey CN,1 of GF(p) by

Ci={g¢"to<j< f-1},

where 0 < ¢ < N — 1. Then we call Cj is the Nth power
residues modulo p, and C; = ¢'Cy where 0 < i < N — 1.
Define the cyclotomic number (i, 7) of order N to be the
number of integers n (mod p) which satisfy

165+ 16t+j(
)

n=g l+n=g mod p),
where s,¢ in {0,1,2,..., f — 1}.

In order to give the necessary conditions, we give the
eighth power residue cyclotomic numbers and derive the
relationships between them when p is an odd prime of the

form 161 + 9.

Lemma 1. [15]: Let p=-ef + 1 be an odd prime. Then
1) (iy5)e = (#,5)e, when i = i'(mod e) and j =
j'(mod e).

2) (i,4)e = (e—1i,5 —1)e
_ Ui if f even.
L G+5i+5)e  if fodd
3) S (6,4)e = [ — 06, where §; = 1 if j =
0 (mod e); otherwise §; = 0.

Let p be a prime of the form p = 16/ + 9, where [ is
a positive integer. From Lemma 1, the relationships of
cyclotomic numbers of order 8 are

(OaO)S = (470) = ( (07 1)8 = (377)8 = (5’4)87
(0,2)s = (2,6)s = (6,4)s, (0,3)s = (1,5)s = (7,4)s,
(074)87 (0ﬂ5)8 = (174)8 = (77 3)87
(Oa 6)8 = (274)8 = (67 2)87 (07 7)8 = (374)8 = (5v 1)8a
(LO)S = (373)8 = (47 1)8 = (4’ 5)8 = (5’0)8 = (777)87
(la 1)8 = (370)8 = (473)8 = (4’ 7)8 = (555)8 = (770)&
(1a2)8 = (2’7)8 = (376)8 = (573)8 = (635)8 = (77 1)87
(1,3)s = (1,6)s = (2,5)s = (6,3)s = (7,2)s = (7,5)s,
(L 7)8 = (273)8 = (375)8 = (5’2)8 = (6’ 1)8 = (776>8»
(2;0)8 = (272)8 = (472)8 = (4’6)8 = (670)8 = (676)87
(25 1)8 = (37 1)8 = (372)8 = (5’6)8 = (5’ 7)8 = (677)

—~ ™
W~ -
N2
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Remark 1. For simplicity, in the next we denote

A= (050>8a B = (051)85 C:= (Oa2)8a
D:=(0,3)s, FE:=(0,4)s, F:=(0,5)s,
G = (0,6)8, H = (077>87 I .= (170)87 (5)
J = (1, 1)8, K = (172)87 L = (1,3)8,
M = (177)87 N = (2,0)8, 0 :( 71)8
Let p = 1(mod 8) be a prime. Its 8th cyclo-
tomic classes are Cy,C1,Cs,C5,C4,C5,C¢ and C5.
Suppose mg, m1, Mo, M3, Mg, M5, Mg, M7, Mg are the

elements of GF(gq). Then we construct the matrix
Cp(m07 miy, M2, M3, My, Ms, Mg, M7, m8) which is a pXp
matrix on GF(g). The component ¢;;, 1 <4, j < p, defines

mo; if  j =1,

my; if j—1ie Oy,

mo; if j—ie(Cy,

mg; if j—ie Oy,

my; if j—ieCs, (6)
ms; if ] —1 € C4,

mg; if j—i€Cs,

my; if j—1ie Cg,

mg; if j—1i€Cr.
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in equation (7) have the following relationships.

t t t t
Ay = AL, Ay = AL, Ay = AL, Ay = A},

Ai = AAy + BAy + CAg + DAy + EAg + FAg + GAy + HAg,
Aa — HA| + AAy + BA3 + CAy + DAy + EAg + FA7 + GAg,
Ag = GAy| + HAg + AA3 + BAy + CAg + DAg + EA7 + FAg,
A% = FAj] + GAg + HA3 + AAy + BAs + CAg + DAy + EAg,
Ag — EAy + FAg + GAg + HA4 + AAg + BAg + CAy + DAg,
Ag = DA| + EAg + FAg + GAy + HA5 + AAg + BA7 + CAg,
Ag — CA) + DAy + EAg + FAy + GAg + HAg + AA7 + BAg,
A2 = BAj; + CAy + DA3 + EAy + FAg + GAg + HA7 + AAg,
AyAg = AgAy = IA] + JAg + KAg + LAy + FAg + DAg + LAy + MAg,
A]A3 = A3A] = NA] + OAg + NAg + MAy + GAg + LAg + CAy + KAg,
A]Ay = AjA] = JA] + OAg + OAg + TAy + HA5 + MAg + KA7 + BAg,
A]As = A5A] = (20 + 1)Ip + AA] ¥+ TAg + AA3 + JA, + AAg + T Ag
+NA; + JAg,
Ay Ag = AgAy = TA| + HAg + MAg + KAy + BAg + JAg + OA7 + OAg,
AJA7 = A7A] = NA| + MAg + GAg + LAy + CAg + KAg + NA7 + OAg,
A]Ag = AgA] = JA] + AAy + LA+ FAy + DAg + LAg + MA; + I Ag,
AgAg = AgAg = MA| + IAy + JA3 + KAy + LAy + FAg + DAy + LAg,
A3Ay = AjA3 = KA] + NAg + OAg + NAy + MAg + GAg + LAy + CAg,
A3A5 = A5A3 = BA| + JAg + OAg + OAy + I A5 + HAg + MA7 + K Ag,
ApAg = AgAg = JA| + AAy + TA3 + NAy + JAg + AAg + [ A7 + N Ag,
A5A7 = A7A5 = OAq + TA5 + AAg + MAy + KAg + BAg + JA7 + OAg,
A3Ag = AgAy = OA] + NAg + MAg + GAy + LAs + CAg + KA7 + NAg,
A3Ay = AjA3 = LAy + MAy + IAg + JA4 + KAg + LAg + FA7 + DAg,
A3As = A5A3 = CAy + KAy + NAg + OAy + NAg + MAg + GAy + LAg,
A3Ag = AgA3 = KA + BAy + JAg + OAy + OAg + IAg + HA7 + MAg,
A3A7 = A7Az = (20 + 1)Ip £ NA] T JAg + AAg + Ay + NA5 + JAg
+AA; + IAg,
A3Ag = AgAg = OAq + OAg + TAg + HAy + MAg + KAg + BAy + JAg,
A4As = AgAy = DA + MAg + LAg + [Ay + JAs + KAg + LAy + FAg,
A4Ag = AgAy = LA, + CAg + KAg + NAy + OAs + NAg + MAy + GAg,
Ag4A7 = A7Ay = MA| + KAy + BAg + JAy + OAs + OAg + T Ay + HAg,
AyAg = AgAy = (21 + 1)Ip £ TA] + NAg + JAz + AAy + A5 + NAg
+JA7 + AAg,
A5Ag = AgAs = FA] + DAg + LAg + MAy + IA5 + JAg + KAy + LAg,
AsA7 = A7As = GA] + LAy + CA3 + KAy + NAs + OAg + NA7 + MAg,
AgAg = AgAs = HA] + MAy + KAg + BAy + JAg + OAg + OAr + [ Ag,
AgA7 = A7Ag = LA, + FAg + DA + LAy + MAg + IAg + JA7 + K Ag,
AgAg = AgAg = MA| + GAg + LAg + CAy + KAs + NAg + OA7 + NAg,
A7Ag = AgAy = KAy + LAy + FAg + DAy + LAg + MAg + I A7 + JAg.

(9)

Proof. The proof is straightforward from the definition of

Let I,, be the identity matrix and J, be the all-one
square matrix, so that Cp(1,0,0,0,0,0,0,0,0) = I, and
Cp(1,1,1,1,1,1,1,1,1) = J,. Denote

Ay = Cp(0,1,0,0,0,0,0,0,0), Ag:=Cp(0,0,1,0,0,0,0,0,0),
Az = C(0,0,0,1,0,0,0,0,0), Ay :=C,(0,0,0,0,1,0,0,0,0),
A := Cp(0,0,0,0,0,1,0,0,0), Ag := C,(0,0,0,0,0,0,1,0,0),
A7 :=Cp(0,0,0,0,0,0,0,1,0), As:=C,(0,0,0,0,0,0,0,0,1).

And the construction of the n X n circulant matrix R
is given as follows:

R = mOIp+m1A1 + m2A2 + m3A3 + m4A4+
msAs + meAg + mr A7 + mgAg

(8)

Lemma 2. Let p = 161+ 9 be a prime, then the matrices

A; and lemma 1. O
Lemma 3. Ifp =161+ 9 is a prime, then
RRt = OZ()Ip"‘OZlA1 + OlQAQ + 043A3 + O[4A5+ (10)
asAs + agAe + arAr + agAg
where
ao = mg + gt (md +m3 4 mf + mi + mE + mg + m7 +mg),
a1 = as = (momi + moms) + (m? + mims + m2)A

+(mima + mamsg + msme)B + (mims + mamy + msmy)C

+(mima + mamg + msmsg)D + mimsE

+(mime + mams + mamg)F + (mimz + mgms + mamy)G

+(mimg + mame + mams)H

+(mimsa + mime + mams + m3 + msme + m2)1

+(mima + mims +m3 + mams + msms +mg)J

+(ma2ms + mamsg + mazms + mame + mamz + memr) K

+(mama4 + mame + mazme + mams + mamy + megms)L

+(mamy + mamsg + mamy + mzme + mame + mymg) M

+(mimg + mimg + m2 + mams + msmy + m2)N

+(mams + mamyg + mamy + megmy + mgmg + mymsg)O,
az = ag = (momsg + mome) + (M2 + mame + m2)A

+(mims + mamz + meme) B + (mama + mamsg + memsg)C

+(mime + mams + mame)D + mameE

+(mims + mamq + mame)F + (mamsg + mame + mamsg)G

+(mimz + mgmq + msme) H

+(m? + mamg + mamy + mame + m2 + memy) I

+(mimsa + mime + mams + m2 + msme + m2)J

+(mim3z + mimg + mamy + msmyz + msms + mrmg) K

+(mimsg + mimy + mams + mams + mamy + msmg)L

+(m1m3z + mimg + mamg + mams + mamy + msmyz) M

+(mama + mams +m3 + mamg + mems +m3)N

+(mimz + mimg + mamy + mams + mams + mrmsg)O,
az = ar = (moms + momz) + (m3 + mamz + m2)A

+(mame + mamy + mrmg)B + (m1ms + mimy + mams)C

+(mamz + mazme + mamsg)D + mamz E

+(mame + mamg + mamy)F + (mim3z + mims + msmy)G

+(mgms3 + mamg + memy)H

+(m2 + mama + mams + mamy +m2 + momg)I

+(mams3 + mamy + mame + mi + mem7 + m%)J

+(mime + mimg + mamy + mams + mams + memg) K

+(mima + mime + mams + mamg + mame + msmsg)L

+(mima + mimy + mamy + msme + msmg + mems) M

+(m? + mims + mimr + mams + m2 + msmz)N

+(mima + mimg + mamg + mams + mame + msmse)O,
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as = ag = (moma + moms) + (m3 + mams + m3)A
+(mimg + mamz + mams)B + (mame + mamg + mame)C
+(mims + magmg + mamr)D + mymgE
+(mimg + mamz + msmg)F + (mamy + mame + mems)G
+(mims + mgmyg + mrmsg)H
+(m1m4 + mimsg + mg + mams + msmsg + m?)]
+(m? 4+ mzma + mams + mamg + mZ + myms)J
+(mimz + mimz + mamy + mams + mame + msme) K
+(mims + mime + mams + mamyz + mame + msmy)L
+(mime + mimyz + mams + mams + mams + memy) M
+(m3 4+ mamy + mams + mame + mz + mems) N
+(mimz + mims + mams + msme + msmz + memz)O.

Proof. The result comes from Lemma 2, Lemma 3 and a
complex computation. O

In order to facilitate, we denote

m = (mo, m1, ma, m3, ma, ms, Mg, my, mg) € GF(q)?,
Do(m) = Qp,

Dl(m) =01 = Qg,

Dz(m) = Qg = Qg,

Dg(m) = Q3 = Qry,

D4(m) =y = ag

(11)

Theorem 1. Let p be an odd prime of the form 161+9 and
q be a prime power. Suppose o € GF(q), m e GF(q)°.
Then

(1) pure eighth power residue double circulant code
P, (1) is self-dual over GF(q) when the following condi-
tions hold:

; (12)

(2) bordered eighth power residue double circulant code
B,(a,m) is self-dual over GF(q) when the following
conditions hold:

O[2 +p = _17
—a +mg + ZH(my + mo + ma+
mm4—|—m5—|—m6+m7+m8) =0,

Dy(nt) = -2,

D () = -1, (13)
Dy () = —1,

Ds(nf) = —1,

Dy(m) = —1.

Proof. According to Lemma 3,

P,(m) P, (1)t = I, + Do()I, + D1() Ay + Da(7) Ag

+D3(m)As + Dy(m) Ay + Dy (1) As
+Dy () Ag + D3(1) A7 + D) Ag,
(14)
and
t I +1 t
BB = (pa 8) () = D + KK

(15)
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where

(16)

(p+1)x(p+1)

and

X = Jp + Do(m)1I, + D1 (M) A1 + Do(71) As + D3(t)As
+D4(H)A4 + Dy (m)As + Dz(m)Ae + Ds(m)z‘h + D4(m)A87

-1
S:—a-l—mo-i-pT(Tm +ma +ms +ma

+ ms + me + m7 + ms).
(17

O

The result can be obtained by the definition of self-dual
codes.

4 Eighth Power Residue Double
Circulant Self-Dual Codes Over
GF(2) and GF(4)

In this section, we give some constructions of self-dual
codes over GF(2) and GF(4) by MATLAB and MAGMA.
And the corresponding minimum hamming distances are
solved. Some codes have good minimum distances, even
almost satisfy the bounds.

Theorem 2. Let p be an odd prime of the form 161 + 9,
several pure eighth power residue double circulant self-
dual codes whose generator matriz satisfies the form of
P,(mg, m1, ma, m3, mq, M5, Mg, M7, mg) of length 2p over
GF(2) are abtained. The parameters that satisfy the con-
ditions are listed in the following table when p = 41 =
16 x 2+ 9.

When p = 41, the length n of the code is 82, so that
the bound of the minimum hamming distance is 16. By
our method, the minimum hamming distance of the codes
has a maximum of 14, which almost satisfies the bound.
The self-dual [82, 41, 14] codes over GF(2) with a good
property are obtained.

Theorem 3. Let £ be the fized primitive element of GF(4)
satisfying €2 +&+1 =0 and p be an odd prime of the form
161 + 9, pure eighth power residue double circulant self-
dual codes P,(11) of length 2p over GF(4) and bordered
eighth power residue double circulant codes By(a, m) of
length 2(p+1) over GF(4) can be obtained. Furthermore,
it is obvious that equation o +p = —1 holds if and only
if a« = 0, because p is an odd prime. And the parameter
values except o that meet the conditions are listed in the
following table when p =41 =16 x2+9 and p = 73 =
16 x4+ 9.



International Journal of Network Security, Vol.22, No.5, PP.736-742, Sept. 2020 (DOI: 10.6633/1JNS.202009-22(5).03) 740

Table 1: The parameters of P, over GF(2) with p = 41

Serial number | mg mi; mo m3 mg ms mg my mg Min-distance
1 0 0 0 1 1 1 0 1 1 10
2 0 0 1 1 0 0 1 1 1 10
3 0 1 0 0 1 1 1 0 1 10
4 0 1 1 0 1 1 0 0 1 10
) 1 0 0 0 1 0 1 1 1 14
6 1 0 0 1 0 1 1 1 0 14
7 1 0 0 1 1 0 1 0 1 12
8 1 0 1 0 1 0 0 1 1 12
9 1 0 1 1 1 0 0 0 1 14
10 1 1 1 0 1 0 1 0 0 12
Table 2: The parameters of P, over GF(4) with p = 41
Serial number | mg m1 ms m3 m4g ms mg my mg Min-distance
1 1 1 1 1 £ 1 1 1 £ 14
2 1 1 £ 1 £ 0 0 £ & 12
3 1 1 0 0 0 1 0 1 1 14
4 £ 1 ¢ 1 0 0 1 &2 ¢ 14
5 0 ¢ 0 ¢ ¢& ¢ & & 0 14
Table 3: The parameters of B, over GF(4) with p = 41
Serial number | mg m; mo m3 my m5 mg my mg Min-distance
1 1 1 1 ¢ 1 0 ¢ ¢ ¢ 12
2 11 ¢ 1 & e e ¢ 8
3 1 1 £ 1 0 € 22 ¢ 1 8
4 £ 1 0 0 £ &2 £ 1 0 12
5 0 1 &2 ¢ 0 13 0 & 1 12
Table 4: The parameters of P, over GF(4) with p = 73
Serial number | mg mp ms2 m3 msa ms mg my mg Min-distance
1 1 1 £ £ 0 1 &2 ¢ 0 12
2 1 1 £ 0 £ 1 £2 0 £ 12
3 0o & & & 0 & & ¢ 0 6
4 1 1 0 & ¢ 1 0 ¢ & 12
5 IR S S S S S S S 4 12
Table 5: The parameters of B, over GF(4) with p = 73
Serial number | mg m1 ms m3 my ms mg my mg Min-distance
1 11 &g & ¢ 1 ¢ ¢ & 8
2 0 1 i3 0 13 1 & 0 ¢ 12
3 0 1 0 i3 £ 1 0 & ¢ 12
4 0 £ 1 0 2 ¢ 1 0 £ 12
5 0 13 13 1 0 £ g2 1 0 12
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The pure double circulant self-dual codes [82, 41, 14]
codes and bordered double circulant self-dual codes self-
dual [84, 42, 12] codes over GF(4) which have good
property are listed, especially the values of parame-
ters mg, mi, ma, ms, My, M5, Mg, M7, Mmg. Besides, we get
some other codes when p = 73.

5 Conclusion

In this paper, we construct double circulant self-dual
codes by higher power residues, especially eighth power
residues.

First of all, the relationship of the eighth power residue
cyclotomic numbers is given. Suppose that there are eight
matrices with nine parameters on the GF(g), and the ex-
pression for multiplying any two matrices is represented
by the cyclotomic numbers. From the linear combination
of eight circulant matrices, we can construct the circu-
lant matrix R. Two kinds of codes are represented by R.
One is pure circulant codes, and the other is bordered cir-
culant codes. Combined with the necessary condition of
self-dual code (GGT = 0), parameters can be determined
to satisfy the condition of self-dual code, which renders
the pure double circulant self-dual codes and bordered
circulant self-dual codes can be obtained. By program-
ming, the parameters that satisfy the conditions and the
minimum hamming distance are given.

We exploit a new way to construct self-dual codes over
GF(2) and GF(4) by prime p of the form 16 f+9, and some
codes have good properties. Examples of such codes are
binary self-dual [82, 41, 14] code, quaternary self-dual [82,
41, 14] code and quaternary self-dual [84, 42, 12] code.
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