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Abstract

The sequences over a finite field Fp with good corre-
lation properties are important applications in coding,
communication, and cryptography. The maximal pe-
riod sequences(m− sequences) and their decimations are
widely used to design sequence families with low cor-
relation. In this paper, the correlation functions on
m−sequences of different lengths are investigated. Two
classes of m−sequences of different lengths are considered,
and some properties of the correlation functions between
these m−sequences are presented.
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1 Introduction

Correlation is a measure of the similarity or relatedness.
If properly normalized, the correlation measure is a real
number between −1 and +1. A correlation value of −1
indicates that the two phenomena are diametrically oppo-
site while a correlation value 0 means that they are uncor-
related, and a correlation value +1 means that they are
identical. In other sources, the correlation between two
sets of data is called their covariance. In linear algebra,
the correlation between two vectors is their (normalized)
dot product [3].

Let a = (a0, a1, · · · , aN−1) and b = (b0, b1, · · · , bN−1)
be two binary sequences of period N . The (periodic)
cross-correlation function between these two sequences at
shift τ , where 0 ≤ τ ≤ N − 1, is defined by

Ca,b(τ) =

N−1∑
i=0

(−1)ai+τ+bi , (1)

where the subscripts are reduced modulo N , that is,

Ca,b(τ) is the dot product of two vectors

((−1)aτ , (−1)aτ+1 , · · · , (−1)aτ+N−1).

and
((−1)b0 , (−1)b1 , · · · , (−1)bN−1).

If the sequences a and b are the same, we call Ca,a(τ)
the (periodic) autocorrelation function of a, denoted by
Aa(τ). Aa(τ) measures the amount of similarity between
the sequence and its phase shift. This is always the high-
est for τ = 0, because

Aa(0) =

N−1∑
i=0

(−1)ai+ai = N.

During the last decades, many applications of se-
quences with low correlation have been found in coding,
communication and cryptography [1,4,5,9,13,15,16]. Us-
ing sequences with low(auto and cross)correlation values,
the interference of different users during the transmission
can be reduced. Therefore, sequences with low correla-
tion have been an important research problem enjoying
considerable interests. If the autocorrelation properties
are optimum, the sequences would been called perfect.
Conventional autocorrelation functions have two different
definitions: periodic and aperiodic autocorrelations. Tra-
ditionally, the studies of the periodic autocorrelation of a
binary sequence, especially about the sequences families
of code-division multiple access communication (CDMA)
system, have attracted more and more attention in the
research of this field. However, the aperiodic autocorrela-
tion is considered to better characterize a binary sequence
for more realistic communication systems [15].

A well-studied problem is to find the cross-correlation
function between two binary m−sequences {st} and {sdt}
of the same period 2m − 1 that differs by a decimation d
such that gcd(d, 2m−1) = 1. A survey of some of the basic
researches on the cross-correlation between m−sequencs
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of the same length can be found [5]. Several sequence
families with practical applications use m−sequencs of
different periods, a prime example is the optimal small
family of Kasami sequences. The correlation properties
of this family depends on the correlation properties of
an m−sequence of period 2m − 1 and an m−sequence of
period 2m/2−1 where m is even.

A cross-correlation function between two periodic se-
quences a = {ai}, of period s, and b = {bi}, of period t,
over F2 can be defined as [3].

CCa,b(τ) =

N−1∑
i=0

(−1)ai+τ+bi , τ = 0, 1, · · · , (2)

where N = lcm[s, t].
In [10], Ness and Helleseth studied the cross correla-

tion between an m−sequencs {st} of length n = 2m − 1
and an m−sequence {udt} of length 2k − 1, where m =
2k and gcd(d, 2k − 1) = 1. Here {ut} denotes the
m−sequence which used in constructing the small family
of Kasami sequence. The cross-correlation functions be-
tween m−sequences of different lengths were investigated
in [2, 6–8, 10–12, 14]. The first infinite family of pairs of
m−sequences with four-valued cross-correlation was con-
structed and the complete correlation distribution of this
family was also determined [11]. From the above studies,
we are motivated by [2,6–8,10–12,14] to study correlation
functions of m−sequences of different lengths.

2 Preliminaries

Definition 1. If the autocorrelation function Aa(τ) is
two-valued, given by

Aa(τ) =

{
N, if τ ≡ 0 (mod N),
K, if τ 6≡ 0 (mod N),

(3)

where K is a constant. If K = −1, N is an odd and
K = 0, N is an even, then we say that the sequence a
has the (ideal) 2-level autocorrelation function, and a is
called the perfect sequence.

If N = 2n − 1, the autocorrelation function Aa(τ) is
two-valued and is given by

Aa(τ) =

{
2n − 1, if τ ≡ 0 (mod 2n − 1),
−1, if τ 6≡ 0 (mod 2n − 1).

(4)

Binary sequences with 2-level autocorrelation have
many applications in communication such as radar dis-
tance ranging, hardware testing, coding theory, and cryp-
tography. A binary sequence of period 2n−1 with 2-level
autocorrelation corresponds to a cyclic Hadamard differ-
ence set with parameters (2n − 1, 2n−1 − 1, 2n−2 − 1). A
sequence a is called balanced if the number of ones and
zeros in each period is n/2 if n is even or (n ± 1)/2 if
n is odd. Balanced sequences with autocorrelation −1
are widely used in communications and cryptography.
The m−sequences is the first class of binary sequences

of period 2n − 1 with 2-level autocorrelation for any pos-
itive integer n, and it corresponds to the Singer Hama-
mard difference sets which were discovered by Singer in
1938. Golomb found m−sequences from the approach lin-
ear feedback shift register sequences in 1954. These se-
quences have several other common names, e.g., pseudo-
noise(PN) sequences and maximal length shift register se-
quences. The importance of m−sequences is largely due
to the part which they called pseudo randomness proper-
ties, i.e., properties that make m−sequences behave like
sequences whose elements are chosen at random.

Let p be any prime, r be a positive integer, q = pr.
Let ω = e2πi/p be a primitive pth root of unity. The
(canonical) additive character of Fpr is defined by

χ(x) = e2πiTr(x)/p, x ∈ Fpr , (5)

where Tr(x) is the trace function from Fpr to Fp, given
by

Tr(x) = x+ xp + · · ·+ xp
r−1

, x ∈ Fpr .

Definition 2. A cross-correlation function between two
periodic sequences a, of period s, and b, of period t, over
Fq can be defined as

CCa,b(τ) =

N−1∑
i=0

χ(ai+τ )χ∗(bi), τ = 0, 1, · · · , (6)

where χ∗(x) = (χ(x))∗, the complex conjugation of χ(x),
and N = lcm[s, t]. In particular, the cross-correlation
function of a and b defined by Equation (6) becomes Equa-
tion (2) and the following formulae:

CCa,b(τ) =

N−1∑
i=0

ωai+τ−bi , τ = 0, 1, · · · , for q = p > 2. (7)

In [3], the basic properties of cross-correlation function
which defined as Equation (7) were studied. We list in
the following:

Property 1[1]: Let a and b be two periodic sequences
over Fp with periods s = pn − 1 and t, where t|s respec-
tively. Let L be the left shift operator.

1) CCa,b(τ) = CCa,b(τ + kt), k = 0, 1, · · ·

2) CCLka,Lkb(τ) = CCa,b(τ), 0 ≤ k < s.

3) CCLia,Ljb(τ) = CCa,b(τ + i − j), 0 ≤ i, j < s, where
τ + i− j is reduced modulo s.

4) CCa,b(τ) = CCb,a(−τ). In particular, if p = 2, then
CCa,b(τ) = CCb,a(−τ), where −τ is reduced modulo
s.

5) If p = 2, according to the assumption, t|2n − 1. Let
d > 1 satisfying gcd(d, t) = 1, then

CC
a,b(d−1)(τ) = CCb,a(d)(−d−1τ).
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3 Main Results

In this section, we mainly discuss the properties of
the cross-correlation function CCa,b(τ) defined as Equa-
tion (2).

3.1 The gcd(s, t) = 1 Property

3.1.1 Product Sequences

In [15], Yu and Gong discussed the applications of the
perfect binary sequence for binary sequences with op-
timal (periodic) autocorrelation. Let a and b be bi-
nary sequences of periods N1 and N2 respectively, where
gcd(N1, N2) = 1. Then the product sequence p=a+b =
(p0, p1, · · · , pN−1) of period N = N1N2 is defined by the
component-wise addition of pi = ai + bi (mod 2), 0 ≤
i ≤ N − 1. The (periodic) autocorrelation Ap(τ) of the
product sequence is given by

Ap(τ) =

N−1∑
i=0

(−1)pi+τ+pi

=

N1N2−1∑
i=0

(−1)ai+τ+bi+τ+ai+bi

=

N1−1∑
j=0

(−1)aj+τ+aj

 · [N2−1∑
k=0

(−1)bk+τ+bk

]
= Aa(τ) · Ab(τ),

where 0 ≤ τ ≤ N − 1, and the indices of a sequence are
computed modulo its own period.

That is, the (periodic) autocorrelation functions of the
products of periodic sequences of relatively prime lengths
are themselves the products of the individual autocorre-
lation functions.

Example 1. Let a = 110, b = 11010, then

a : 110110110110110,

b : 110101101011010,

p : 000011011101100.

We compute their autocorrelation functions as follow-
ing:

Aa(0),Aa(1), · · · ,Aa(14)

= 3,−1,−1, 3,−1,−1, 3,−1,−1, 3,−1,−1, 3,−1,−1,

Ab(0),Ab(1), · · · ,Ab(14)

= 5,−3, 1, 1,−3, 5,−3, 1, 1,−3, 5,−3, 1, 1,−3,

Ap(0),Ap(1), · · · ,Ap(14)

= 15, 3,−1, 3, 3,−5,−9,−1,−1,−9,−5, 3, 3,−1, 3.

Obviously, from the above example, we have Ap(τ) =
Aa(τ) · Ab(τ), 0 ≤ τ ≤ 14.

3.1.2 Cross-Correlation Functions Between
m−Sequences of Relatively Prime Lengths

In this section, we discuss the cross-correlation function
between an arbitrary pair of m−sequences whose periods
are relatively prime. First, we give the following fact.

Proposition 1. Let a and b be binary sequences of peri-
ods s and t respectively, where gcd(s, t) = 1. Let CCa,b(τ)
be the cross-correlation function between a and b defined
by Equation (2). Then the CCa,b(τ) is a periodic function,
and the period of CCa,b(τ) is equal to min(s, t).

In fact, without loss of generality, we assume s < t.
So, a is a short sequence. If the sequence a shifts s times
later, it will return to the original location again. Hence,
the value of CCa,b(τ) won’t change any more.

Example 2. Let a = 011, b = 0010111, they are
m−sequences of length 3 and 7 respectively. By Equa-
tion (2), we compute

CCa,b(τ) =

20∑
i=0

(−1)ai+τ+bi , τ = 0, 1, · · ·

Since,
a : 011011011011011011011,

b : 001011100101110010111.

Then, we have

CCa,b(0) = 1, CCa,b(1) = 1, CCa,b(2) = 1, CCa,b(3) = 1, · · ·

Before proceeding, we will give a somewhat technical re-
sult about gcd’s(greatest common divisor) that will be
used in the following.

Lemma 1. Let a,m, n be positive integers, and a > 1.
Then

gcd(am − 1, an − 1) = agcd(m,n) − 1.

Proof. If m = n, the result is trivial. If m 6= n, and
m,n > 1, without loss of generality, we assume m > n.
Using Division algorithm, then

m = qn+ r, 0 ≤ r < n.

We have

am − 1 = aqn+r − 1

= aqn+r − ar + ar − 1

= ar(aqn − 1) + (ar − 1).

Since (an − 1)|(aqn − 1), i.e., ∃A ∈ N, aqn − 1 = A(an −
1), then am − 1 = Aar(an − 1) + (ar − 1). Therefore,
gcd(am − 1, an − 1) = gcd(an − 1, ar − 1).

Note that gcd(m,n) = gcd(n, r). If r = 0, then
gcd(m,n) = n, the result is true. If r > 0, then we
discuss gcd(an − 1, ar − 1) by using the same method.
According to Euclid’s algorithm, the result is true.
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The above result is very powerful. For example, it says
that gcd(39 − 1, 38 − 1) = 3gcd(9,8) − 1 = 2, a fact which
is unobvious if we had written 39 − 1 = 19682, 38 − 1 =
6560. Similarly, using Lemma 1, we can compute many
polynomial gcd’s effortlessly: gcd(x9−1, x12−1) = x3−1.

Theorem 1. Let a and b be binary m−sequences of peri-
ods 2m − 1 and 2n − 1 respectively, where gcd(m,n) = 1.
Let CCa,b(τ) be the cross-correlation function between a
and b defined by Equation (2). Then

CCa,b(τ) = 1.

Since gcd(m,n) = 1, according to Lemma 1, we have
gcd(2m − 1, 2n − 1) = 1. Using the knowledge of prob-
ability, we calculate CCa,b(τ). Let a be an m−sequence
of period P . Hence, the sequence a satisfies the balance
property, i.e., in every period, 0’s occur (P − 1)/2 times
and 1’s occur (P + 1)/2 times. So, in every period,

Pr(0) = (P − 1)/2P, Pr(1) = (P + 1)/2P.

Note that for two periodic sequences a = {ai},b =
{bi} of relatively prime lengths s, t, the cross-correlation
function Equation (2) can be defined as

CCa,b(τ) = A(τ)−D(τ), 0 ≤ τ ≤ st− 1,

where A(τ) and D(τ) denote the number of agreements
and disagreements between a’s phase shift {ai+τ}, 0 ≤
i ≤ st − 1 and {bi}, 0 ≤ i ≤ st − 1 respectively. In sta-
tistical terms, the cross-correlation function Equation (2)
becomes the standard correlation coefficient defined as

CCa,b(τ) = (2m−1)(2n−1)(Pr{ai+τ = bi}−Pr{ai+τ 6= bi}).

Proof of Theorem 1: For the sequences a and b, we have

Pra(0) =
2m−1 − 1

2m − 1
, Pra(1) =

2m−1

2m − 1
,

Prb(0) =
2n−1 − 1

2n − 1
, Prb(1) =

2n−1

2n − 1
.

Since the two sequences a and b are statistically indepen-
dent, we get four joint probabilities

Pr(00) = Pra(0) · Prb(0) =
(2m−1 − 1)(2n−1 − 1)

(2m − 1)(2n − 1)
,

Pr(01) = Pra(0) · Prb(1) =
2n−1(2m−1 − 1)

(2m − 1)(2n − 1)
,

Pr(10) = Pra(1) · Prb(0) =
2m−1(2n−1 − 1)

(2m − 1)(2n − 1)
,

Pr(11) = Pra(1) · Prb(1) =
2m−1 · 2n−1

(2m − 1)(2n − 1)
.

Therefore,

Pr{ai+τ = bi} = Pr(00) + Pr(11)

=
(2m−1 − 1)(2n−1 − 1) + 2m−1 · 2n−1

(2m − 1)(2n − 1)
,

Pr{ai+τ 6= bi} = Pr(01) + Pr(10)

=
2n−1(2m−1 − 1) + 2m−1(2n−1 − 1)

(2m − 1)(2n − 1)
.

Thus,

CCa,b(τ) = (2m − 1)(2n − 1)

· (Pr{ai+τ = bi} − Pr{ai+τ 6= bi})
= 1.

Example 3: With the notation in Example 2. We
compute CCa,b(τ) by using Theorem 1. First, we have

Pra(0) = 1/3, Pra(1) = 2/3, Prb(0) = 3/7, Prb(1) = 4/7,

and
Pr(00) = Pra(0) · Prb(0) = 3/21,

Pr(01) = Pra(0) · Prb(1) = 4/21,

Pr(10) = Pra(1) · Prb(0) = 6/21,

Pr(11) = Pra(1) · Prb(1) = 8/21,

then,

Pr{ai+τ = bi} = Pr(00) + Pr(11) = 11/21,

Pr{ai+τ 6= bi} = Pr(01) + Pr(10) = 10/21.

Therefore,

CCa,b(τ) = 21(Pr{ai+τ = bi} − Pr{ai+τ 6= bi})
= 1, τ = 0, 1, · · ·

3.2 The t|s Property

In Equation (2), if t|s, then we have

CCa,b(τ) =

s−1∑
i=0

(−1)ai+τ+bi , τ = 0, 1, · · · , (8)

In this section, we mainly study the properties of CCa,b(τ)
defined as Equation (8).

Lemma 2. Let a and b be two binary sequences of periods
t and s, where t|s. Then

t−1∑
τ=0

CCa,b(τ)CCa,b(τ + k) =

s−1∑
l=0

Ab(l)Aa(l + k). (9)

Proof. By Equation (8), we obtain∑t−1
τ=0 CCa,b(τ)CCa,b(τ + k)

=

t−1∑
τ=0

s−1∑
i=0

(−1)ai+τ+bi
s−1∑
j=0

(−1)aj+τ+k+bj

=

s−1∑
i=0

s−1∑
j=0

(−1)bi+bj
t−1∑
τ=0

(−1)ai+τ+aj+τ+k

=

s−1∑
l=0

s−1∑
i=0

(−1)bi+l+bi
t−1∑
θ=0

(−1)aθ+l+k+aθ

=

s−1∑
l=0

Ab(l)Aa(l + k).
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Theorem 2. Let a and b be two m−sequences of periods
t and s, where t|s, i.e., ∃d ∈ Z such that s = dt. Then the
cross-correlation function value CCa,b(τ) defined as Equa-
tion (8) satisfies the following relations.

(2-1)
t−1∑
τ=0
CCa,b(τ) = 1.

(2-2)
t−1∑
τ=0

(CCa,b(τ) + 1) = t+ 1.

(2-3)
t−1∑
τ=0
CC2a,b(τ) = st+ t− d.

(2-4)
t−1∑
τ=0
CCa, b(τ)CCa, b(τ +k) = −s−d−1, for k 6= 0.

(2-5)
t−1∑
τ=0

(CCa, b(τ) + 1)2 = st+ 2t− d+ 2.

Proof. (2-1) According to Equation (8), then

t−1∑
τ=0

CCa,b(τ) =

t−1∑
τ=0

s−1∑
i=0

(−1)ai+τ+bi

=

s−1∑
i=0

(−1)bi
t−1∑
τ=0

(−1)ai+τ

= (−1)(−1) = 1.

Since an m−sequence is almost balanced in the sense that
it contains one more one than a zero during its period. (2-
2) Due to (2-1), the assertion (2-2) is clear. (2-3) By using
Equation (9) and the 2-level autocorrelation properties of
the two m−sequences, we have

t−1∑
τ=0

CC2a,b(τ) =

s−1∑
l=0

Ab(l)Aa(l)

= Ab(0)Aa(0) +Ab(1)Aa(1) + · · ·
= st− t(d− 1) + (s− 1− (d− 1))

= st+ t− d.

(2-4) According to Equation (8) and the 2-level autocor-
relation properties of the two m−sequences, then

t−1∑
τ=0

CCa, b(τ)CCa, b(τ + k) = −s− td+ (s− 1− d)

= −s− d− 1.

(2-5) By using (2-1)(2-3), the assertion (2-5) is clear.

Example 3. Let a = 011 and b = 000100110101111 be
two m−sequences with periods 3 and 15, respectively, then
by using Equation (8), we compute their cross-correlation
functions as following:
CCa,b(0), CCa,b(1), · · · , CCa,b(14)

= −5, 3, 3,−5, 3, 3,−5, 3, 3,−5, 3, 3,−5, 3, 3.

Thus, we obtain

CCa,b(τ) =

{
−5, if τ ≡ 0 (mod 3),
3, if τ 6≡ 0 (mod 3).

(10)

Case 1: Using Equation (10), we have

(1-a)
2∑

τ=0
CCa,b(τ) = −5 + 3 + 3 = 1.

(1-b)
2∑

τ=0
(CCa,b(τ)+1) = (−5+1)+(3+1)+(3+1) = 4.

(1-c)
2∑

τ=0
CC2a,b(τ) = CC2a,b(0) + CC2a,b(1) + CC2a,b(2) =

25 + 9 + 9 = 43.

(1-d)
2∑

τ=0
CCa, b(τ)CCa, b(τ + k)

= CCa, b(0)CCa, b(k) + CCa, b(1)CCa, b(1 + k) +
CCa, b(2)CCa, b(2 + k)

= −5× 3 + 3× 3/− 5× 3 = −21.

(1-e)
2∑

τ=0
(CCa, b(τ) + 1)2

= (CCa, b(0)+1)2+(CCa, b(1)+1)2+(CCa, b(2)+
1)2

= (−5 + 1)2 + (3 + 1)2 + (3 + 1)2 = 48.

Case 2: Using Theorem 2, where s = 15, t = 3 and d =
5, we have

(2-a)
2∑

τ=0
CCa,b(τ) = 1.

(2-b)
2∑

τ=0
(CCa,b(τ) + 1) = t+ 1 = 3 + 1 = 4.

(2-c)
2∑

τ=0
CC2a,b(τ) = st+ t− d = 15× 3 + 3− 5 = 43.

(2-d)
2∑

τ=0
CCa, b(τ)CCa, b(τ + k) = −s − d − 1 = −15 −

5− 1 = −21.

(2-e)
2∑

τ=0
(CCa, b(τ) + 1)2 = st+ 2t−d+ 2 = 15× 3 + 2×

3− 5 + 2 = 48.

By comparison, we get that Case 2 is simpler than Case 1.

4 Conclusions

We study the correlation functions on m−sequences of
different lengths in this paper. Also, we consider two
classes of m−sequences of different lengths and give
some properties of the correlation functions between these
m−sequences.
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