International Journal of Network Security, Vol.19, No.3, PP.406-412, May 2017 (DOI: 10.6633/IJNS.201703.19(3).09)

406

A Study of Relationship Among Goldbach
Conjecture, Twin Prime and Fibonacci Number

Chenglian Liu
Department of Computer Science, Huizhou University
Huizhou 516007, P.R. China
(Email: chenglian.liu@gmail.com)
(Received Jan. 21, 2016; revised and accepted Apr. 17 € May 31, 2016)

Abstract

In 2015, Liu et al. proposed a relationship between RSA
public key cryptosystem and Goldbach’s conjecture prop-
erties. In this paper I will examine two other relation-
ship’s with Goldbach’s conjecture: 1) Goldbach’s conjec-
ture and twin prime; 2) Goldbach’s conjecture and Fi-
bonacci number. I completely list all combination of twin
prime in Goldbach conjecture, and propose a very simple
method to recognize the prime in Fibonacci sequence. 1
also give a estimation formula to Goldbach’s partition.

Keywords: Fibonacci number, Goldbach conjecture, twin
prime

1 Introduction

The Goldbach conjecture and the twin prime issue are
unsolved problems in Number Theory. It is well known
that Chan [2] had a major discovery on Goldbach’s con-
jecture by his “1 + 2” formal proof in 1973. Zhang [19]
had a good result on the twin prime in 2014. Other ar-
ticles [4-8,10, 11, 18] also give good contributions. Liu,
Chang, Wu and Ye [9] studied the relationship between
RSA public key cryptosystem and Goldbach’s conjecture
properties. They found the RSA and Goldbach conjec-
ture relationship, and also linked Goldbach’s conjecture
and twin prime. Liu et al.’s [9] listed two situations where
there are twin prime numbers in Goldbach partition com-
binations such as Propositions 1 and 2. In addition to ex-
amining the relationship between Goldbach’s conjecture
and the twin prime and Fibonacci number, I will also
make three major contributions:

1) Propose an estimating method which is better than
Bruckman’s method.

2) List all combinations of the twin prime in Goldbach’s
conjecture.

3) Propose a simple method to examine Fibonacci prime.

2 The Relationship Between
Goldbach’s Conjecture and
the Twin Prime

In this section, I describe the relationship between Gold-
bach’s conjecture and twin prime. This article is based
on the work of Liu et al.’s [10] research. In Liu et al.’s
article, they proposed 4 theorems, 6 propositions and 1
lemma. I continue that work and examine 6 additional
situations of twin prime in Goldbach’s partition. This
issue is discussed in Section 2.3.

2.1 Literatures Reviews

To Goldbach’s partition number, Bruckman’s [1] esti-
mated value was too large on the “number of error” range.
Ye and Liu’s [17] estimation is too vague, unclear and in-
accurate. Based on this discussion, I give an estimating in
which the number is closer to the true value. Constant [3]
and Liu et al.’s [9] showed the relationship between the
RSA cryptosystem and Goldbach’s conjecture. Ye and
Liu [17], and other articles [4, 10, 12] introduced Gold-
bach’s conjecture and twin prime relationship. In Sec-
tion 3 I will examine the relationship between Goldbach’s
conjecture and the Fibonacci number. The relationship
between Goldbach’s conjecture, twin prime, RSA and the
Fibonacci number is a major topic and is shown in Fig-
ure 1. Notations are described in Table 1.

A variety of situations that may arise the twin primes
in Goldbach conjecture, the all possible combination
shown in Table 2.

2.2 The Goldbach Partition

Given a positive integer such as 480, there are 29 pairs
to match Goldbach’s rule, and 7 twin prime pairs. We
say 29 is Goldbach’s partition number. If randomly given
an even number, it is easy to find Goldbach’s partition,
and we should say Goldbach’s conjecture has been solved.
However it is an unsolved problem today. Generally, to
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RSA Cryptosystem

Figure 1: A relationship among Goldbach conjecture,
twin prime, RSA and the Fibonacci number

Table 1: Notations

Definition

An even number for the Goldbach Con-
jecture (GC) number.

) | The number of Goldbach partition.

) | The estimation number of GC(x).

4 | GC'is congruent to two modulo four, we
usually write GC = 2 (mod 4). But for
convenience, we use GC' = 2|, instead
here.

Symbols

express GC' number in the form of

GC = P, + Pj — (P, — 2n) + (P; + 2n), (1)
where P; and P; are both primes. Let R(n) be the num-
ber of representations of the Goldbach partition where

[, is the twin prime constant [16], given R(n) ~

211, (Hpk\n,kzz) P2 fz (1111,)2 Ye and Liu [17] also
1)

2C Hp>3 EZ 2)

gave the estimation formula GC(z) =
(Li(;))2 + O(Z‘ . efcx/lna:)'

In 2008, Bruckman [1] proposed a proof of the strong
Goldbach conjecture, where the Goldbach function

2n—3

Za

(2N — k) 2)

is at least equal to one. Finally, the results

1<0(2k+6)<k+1, k=0,1,2,-- (3)

When k approaches infinity, the error range becomes
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Table 2: Twin prime appears probable in the Goldbach
conjecture

item even number type
GC EOJ4 EOJG E4J8

1 fele] 52_4 50_6 52_8 In+2
2 5274 50,6 5678
GC | =04 | =0]g | =0]s

2 cc | =0J4 | =0J6 | =0]g dn
2 EOJ4 EOJG 54_8
GC | =04 | =46 | =4]s

3 e | =2Ja | =2]6 | =2]g | 4n+2
2 52J4 52J6 EGJg
GC | =0|4 | =4]6 | =0]s

4 cc | =0]4 | =2]6 [ =0Js 4n
2 EOJ4 EQJG E4J8

item odd number type
GC —2J4 = 6 EZJg

5 fele] =14 =9J]6 Eljg in+1
2 71_4 53,6 E5J8
GC | =2|4 | =0]g | =6]s

6 cc | =34 :3_6 53_8 in+3
2 5374 53,6 57,8
GC | =2, | =4l | =2]s

7 co | =1]a | =5]6 | =1]sg | dn+1
2 51_4 E5J6 55_8
GC 52_4 E4J6 56_8

8 e | =3Ja | =56 | =3]s | 4n+3
2 53J4 E5J6 E?Jg

larger. For example:

0(32) < 14, k=13

6(80) < 38, k=3T.

0(138) < 67, k = 66.
6(101200) < 50598, k = 50597.

I obtained results from a large number of experimen-
tal data. I draw the curve from the data, and then cal-
culates the formula from the two curves (see Figures 2
and 3). I found an interesting situation which GC' is
congruent to zero modulo six, or congruent to non-zero
modulo six. An even number GC' is randomly chosen,
where GC < 6, if GC = 0 (mod 6), GC’ is found

where GC'(z) ~ garpessmsz. Otherwise, I find other
GC'(x) ~

~ % The expression shown in Equa-
tion (4).

_ 1.8-GC
=0mod 6, GC'(¥) ~ {7o31.Geo=rse-

GC (4)
{gé 0 mod 6, GCI(ZL') ~ 46.23§é?é%€'2144'
I compare my estimation with Bruckman’s method
based on the true value of Goldbach’s partition. The re-

sults indicated that my method is better than Bruckman’s
method, see Table 3.
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Figure 2: The curve of estimating, where GC(x) £ 0 (mod 6)

Table 3: Results of our method vs Bruckman’s method

Item | Positive Integer | GC(z) Oué g}?‘;ﬂl)lod Brt;gckman i ;Cn itlllOd
1 12650 186 270 6322 6323
2 25300 314 464 12647 12648
3 50600 553 798 25297 25298
4 75900 1478 1970 37947 37948
5 101200 918 1372 50597 50598
6 126500 1140 1633 63247 63248
7 151800 2635 3396 75897 75898
8 177100 1802 2125 88547 88548
9 202400 1669 2359 101197 101198
10 227700 3688 4670 113847 113848
11 253000 2011 2808 126497 126498
12 278300 2130 3026 139147 139148
13 303600 4676 5854 151797 151798
14 318950 2059 3366 159472 159423
15 331600 2160 3470 165797 165798
16 344250 4652 6461 172122 172123
17 356900 2356 3675 178447 178448
18 369500 2321 3776 184747 184748
19 382200 6325 7015 191097 191098
20 394850 : :

21 407500 : : : :
22 420150 5264 7556 210072 210073
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2.3 The Twin Prime

To help the description, I prefer to use corollary alterna-
tive propositions. These Corollaries 1 and 2 are original
from Liu et al’s [9] Propositions 1 and 2, I expand to
examine 6 corollaries based on their work.

Corollary 1. If P, + P; =0 (mod 4) = 0 (mod 6) = 4
(mod 8), and w = 2 (mod 4) = 0 (mod 6) 2
(mod 8) or # = 2 (mod4) = 0 (mod6) = 6
(mod B), there may exist a twin prime where the (% —

1, % + 1) is of the form (4n+ 1) + (4n + 3).

P; .
L is an even num-

. P
Proof. As known from assumption, “;
ber, we have

% — 1 is an odd number.
P;+P; .
5 + 1 is an odd number too.

Note that @ = 2 (mod4) = 0 (mod6) = 6
(mod 8), we see the P"';Pj is of the form 4n + 2. Nat-
urally, the % —1is 4n + 1 form, and P+P’ + 1 is
4n + 3 form. Otherwise, it is a contradiction

Since # = 2 (mod 4) = 0 (mod 6) = 2 (mod 8),
we know (w 1,5k +P’ +1) is of the form (4n+1) 4+
(4n + 3). O
Corollary 2. If P, + P; =0 (mod 4) =0 (mod 6) =0
(mod 8), and # = 0 (mod4) = 0 (mod 6) = 0
mo or - = mo = mo

ds Bt P 0 (mod 4 0 (mod 6 4

(mod 8), there may exist a twin prime where (P;P -

1 P+PJ + 1) is of the form (4n + 3) + (4n + 1).

)

Proof. As known, the # is an even number. Since
w =0 (mod 4) = 0 (mod 6) = 0 (mod 8). We see
the P":Pj is 4n form. Hence M —1is 4n + 3 form.

Therefore 1+P] +1isdn+1 form
Now, as P;P = 0 (mod4) = 0 (mod6) = 0

(mod 8), the @ is of the form 4n too.

Thus, the # +1 is of the form 4n+1. This inference
is consistent with the above statement. O

Corollary 3. If P, + P; =0 (mod 4) = 4 (mod 6) = 4

(mod 8), and w = 2 (mod 4) = 2 (mod 6) = 2
(mod 8) or # = 2 (mod4) = 2 (mod6) = 6
(mod B), there may exist a twin prime where (Pi'gpj —
1, % + 1) is of the form (4n+ 3) + (4n + 1).

Proof. As known from assumption, the Pithi = 9
(mod 4) is an even number. Unsurprisingly, the M -1

is 4n+1 form. Hence, the i +PJ +1 would be 4n+3 form.

Otherwise, it is a contradlctlon This inference is consis-
tent with the above statement. O

Corollary 4. If P, + P; = 0 (mod 4)

(mod 8), and # = 0 (mod 4) =

=4 (mod 6) =0
2 (mod 6) = 0
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P+P;
(mod 8) or =5 =

0 (mod 4) =
(mod 8), there may exist a twin prime where (=5
1,5 +PJ + 1) is of the form (4n + 3) + (4n + 1).

2 (mod 6) = 4
PitP;
2

Proof. As known, the 242 i an even number. Since
PP — 0 (mod 4) = (mod 6) =0 (mod 8), the ZE1
is an even number and a 4n form. Obviously, the =5~ b +P

1 is 4n + 3 form, whereas the P+PJ + 1 is of the form
4n + 1. Otherwise, it is a contradlctlon This inference is

consistent with the above statement. O
Corollary 5. If P, + P; = 2 (mod 4) = 0 (mod 6) = 2
(mod 8), and # =1 (mod4) = 3 (mod6) =1
(mod 8) or # = 1 (mod4) = 3 (mod 6) 5

(mod 8), there may exist a twin prime where (PJQFP —

1, P+PJ + 1) is of the form (4n + 3) + (4n + 1).

Proof. As known, the # = 1 (mod 4), the @ is
4n+1 form. Since 4n+1 and 4n + 3 are located on either
side of the center point 4n + 2. Thus, the (@ +2)is

of the form 4n + 3. If not, it is a contradiction. O
Corollary 6. If P, + P, =2 (mod 4) =0 (mod 6) =6
(mod 8), and # = 3 (mod4) = 3 (mod 6) = 3

PitP ’

(mod 8) or 5~ = 3 (mod4) = 3 (mod6) =
(mod 8), there may exist a twin prime where (PiJng -

1, P+PJ + 1) is of the form (4n + 3) + (4n + 1).

Proof. This proof is same with Corollary 5. 1 omit the
proof here. [

Corollary 7. If P, + P; =2 (mod 4) = 4 (mod 6) = 2

(mod 8), and # =1 (mod4) = 5 (mod6) =1
(mod 8) or # = 1 (mod4) = 5 (mod 6) 5

(mod 8), there may exist a twin prime where (P’;P’ -

1, P+PJ + 1) is of the form (4n +3) + (4n + 1).

Proof. This proof is same with Corollary 5. I also omit

the proof here. O
Corollary 8. If P, + P; = 2 (mod 4) = 4 (mod 6) = 6
mod 8), and Bl = 3 (mod4) = 5 (mod 6) = 3
2
(mod 8) or % = 3 (mod4) = 5 (mod6) = 7
Pi+P;

(mod 8), there may exist a twin prime where (==
1, P+P’ + 1) is of the form (4n + 3) + (4n + 1).

Proof. This proof is same with Corollary 5. I omit the
proof here too. O

Exception:
There are 4 exceptions of even number between [2, 1000]
to the rule in Table 2

402 {4022m0d40m0d62m0d8, (5)

201 =1 mod 4 = 3 mod 6 =1 mod 8.
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Figure 3: The curve of estimating, where GC(x) =0 (mod 6)

According from Table 2, the 402 matches item 5, however,
there is no one twin prime in 17 prime pairs of Goldbach
partition.

(6)

516 516 = 0 mod 4 = 0 mod 6 = 4 mod 8§,
258 =2 mod 4 = 0 mod 6 = 2 mod 8.

There are 23 prime pairs in Goldbach partition, but no
one matches in the rule of item 1.

=2 d4= d6=2 d
786»—>{786 mo 0 mod 6 mod 8, M)

393 =1mod 4 =3 mod 6 =1 mod 8.

There are 30 prime pairs in Goldbach partition, but no
one matches in the rule of item 5.

(®)

906 = 2 mod 4 = 0 mod 6 = 2 mod 8,
906 —
453 =1 mod 4 =3 mod 6 = 5 mod 8.

There are 34 prime pairs in Goldbach partition, but no
one matches in the rule of item 5.

3 The Relationship of the Gold-
bach’s Conjecture and the Fi-
bonacci Number

This section will introduce about Fibonacci number [14,
15] and it’s relationship with Goldbach’s conjecture. Each
positive number is the sum of the previous two integers,
namely

()

By Equation (9), we know the Fibonacci sequence as
{0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,---, oco}.
Wall [13] had good result in his article “Fibonacci Series
Modulo M”, a table was created in the appendix listing
values for the function k(n). This function is defined as
the period of the Fibonacci numbers mod n before any
repeats occur. For instance, k(7) = 16 since

F,=F, 1+ F, 2.

F,mod 7=1{0,1,1,2,3,5,1,6,0,6,6,5,4,2,6,1}, (10)

where F), is the n-th Fibonacci number. Hence, the values
in the sequence above are cyclic after 16 terms. On the
other hand, the author notes another interesting property.
The Fibonacci sequence has ‘even-odd-odd’ or ‘odd-odd-
even’ rotation rules. The result shown in Table 4.

For n-th Fibonacci number, where n > 1, the F;, be-
comes an odd number if and only if n = 1 (mod 3) or
n =2 (mod 3), say

=0 (mod 3), this is an even number.
n =1 (mod 3), this is an odd number.
=2 (mod 3), this is an odd number.

There is one example of the Fibonacci number matching
the Goldbach’s rule where the

Fo=F+F,—3+5=28. (].1)

The Equation (11) is only one special case of Gold-
bach’s conjecture in Fibonacci sequence nowaday. Since
Fr=0 (mod 3) has never been an prime that is an even num-
ber, we can say the Fj,—1 (mod 3) OF Fri=2 (mod 3) Probable
is a prime. There is an article by Wall [13] about Fi-
bonacci prime in [14], but is a little different then what is
discussed in this article.

Open Problems:

Can we find the second example of Goldbach’s conjec-
ture in Fibonacci sequence? In Fibonacci prime, I find an
interesting phenomenon in my research.

1. If n = 3 (mod 4) and F,, = 1 (mod 4) where n > 5,
the F}, probably be a prime, where

{FnEL’;( mod 4)

F,=1 (mod4) (12)

2. If n =1 (mod 4) and F,, = 1 (mod 4) where n > 5,
the Fj, probably be also a prime, namely

{Fnzl( mod 4)

F,=1 (mod 4) (13)

We get following relationship as:
Goldbach’s conjecture D (odd + odd = even) C Fibonacci
sequence.
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Table 4: The special case of Fibonacci number matches the Goldbach’s conjecture

411

prime | prime | prime prime prime prime
n 0 1 2 3 4 5 7 8 9 10 11 12 13 14
F, 0 1 1 2 i3 |5 1 81 13 21 34 55 89 144 | 233 | 377
odd | odd | even : odd | odd | even | odd | odd | even odd | odd | even| odd | odd
madz |0 1 1 2 "3 51 1] s 0 6 6 5 4 2 6
prime prime prime
n 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
F, 610 987 | 1597| 2584 | 4181 | 6765 | 10946| 17711 28657| 46368| 75025|121393 196418 317811 |514229
even | odd | odd | even | odd | odd | even| odd| odd | even odd | odd | even| odd | odd
ReXoa 0 1 1 2 | 3 5 | 1 6 0 6 6 5 4 2
n 30 31 32 33 34 35 36 37 38 39
F, 832040 1346269 | 2178309 3524578 | 5702887 9227465 | 14930352 | 24157817 | 39088169| 63245986
even odd odd even odd odd even odd odd even
odr 6 1 0 1 1 2 3 5 1 6
prime prime
n 40 41 42 43 44 45 81839
F, |102334155|165580141 |267914296 |433494437 |701408733 1134903170 17103 digits
odd odd even odd odd even
BREX o 6 6 5 4 2 1
4 Conclusions ported from Huizhou University project under the num-

ture, twin prime, RSA cryptosystem and Fibonacci num-
ber and then makes three observations about the relation-
ship:

1)

The characteristics of twin prime in Goldbach’s con-
jecture are analyzed, and then notes all situations of
combination.

An estimate of Goldbach’s partition is proposed where
the result is more accurate than Bruckman’s estima-
tion.

Finally, I explore the relationship between Goldbach’s
conjecture and Fibonacci number. I mention a new
discussion about searching the Fibonacci prime in its
sequence.

As we can see, the authors is still working on these un-
solved problems.

Acknowledgement

The authors would like to thank the anonymous review-
ers for their useful comments. This work is partially sup-

ber HZUXL201513, and HZUXL201514. This work also

I use Goldbach’s conjecture as the center of interest. I partially supported by student innovation training pro-
then discusses the relationship among Goldbach’s conjec-

gram under the grant number CX2016024, CX2016088
and CX2016089.

References

1]

P. S. Bruckman, “A proof of the strong Goldbach
conjecture,” International Journal of Mathemati-
cal Education in Science and Technology, vol. 39,
pp. 1002-1009, Oct. 2008.

J. R. Chen, “On the representation of a larger even
integer as the sum of a prime and the product of at
more two primes,” Scientia Sinica, vol. 16, pp. 157—
176, 1973.

J. Constant, Algebraic Factoring of the Cryp-
tography Modulus and Proof of Goldbach’s Con-
jecture, July 2014. (http://www.coolissues.com/
mathematics/Goldbach/goldbach.htm)

J.  Ghanouchi, A Proof of Goldbach and De
Polignac Conjectures, July 16, 2016. (http://
unsolvedproblems.org/S20.pdf)

D. A. Goldston, J. Pintz, and C. Y. Yildirim,
“Primes in tuples 1,” Annals of Mathematics,
vol. 170, pp. 819-862, Sept. 2009.



International Journal of Network Security, Vol.19, No.3, PP.406-412, May 2017 (DOI: 10.6633/IJNS.201703.19(3).09)

[6] B. Green and T. Tao, “The primes contain arbitrarily
long arithmetic progressions,” Annals of Mathemat-
ics, vol. 167, pp. 481-547, 2008.

B. Green and T. Tao, “Linear equations in primes,”
Annals of Mathematics, vol. 171, pp. 1753-1850, May
2010.

G. Ikorong, “A reformulation of the Goldbach con-
jecture,” Journal of Discrete Mathematical Sciences
and Cryptography, vol. 11, no. 4, pp. 465-469, 2008.
C. Liu, C. C. Chang, Z. P. Wu, and S. L. Ye, “A study
of relationship between RSA public key cryptosys-
tem and Goldbach’s conjecture properties,” Interna-
tional Journal of Network Security, vol. 17, pp. 445—
453, July 2015.

I. A. G. Nemron, “An original abstract over the twin
primes, the Goldbach conjecture, the friendly num-
bers, the perfect numbers, the mersenne composite
numbers, and the Sophie Germain primes,” Journal
of Discrete Mathematical Sciences and Cryptography,
vol. 11, no. 6, pp. 715-726, 2008.

K. Slinker, A Proof of Goldbach’s Conjecture that
All Even Numbers Greater Than Four Are the Sum
of Two Primes, Jan. 2008. (http://arxiv.org/vc/
arxiv/papers/0712/0712.2381v10.pdf)

R. Turco, M. Colonnese, M. Nardelli, G. Di Maria, F.
Di Noto, and A. Tulumello, Goldbach, Twin Primes
and Polignac FEquivalent RH, the Landau’s Prime
Numbers and the Legendre’s Conjecture, July 16,
2016. (http://eprints.bice.rm.cnr.it/647/1/)
D. D. Wall, “Fibonacci series modulo M,” The Amer-
ican Mathematical Monthly, vol. 67, pp. 525-532,
1960.

[10]

[13]

412

[14] Wikipedia, Fibonacci Number, Feb. 2015. (http://

en.wikipedia.org/wiki/Fibonacci_number)

Wikipedia, Fibonacci Prime, Feb. 2015. (http://en.

wikipedia.org/wiki/Fibonacci_prime)

Wolfram Research Inc, Goldbach Conjecture,

July 16, 2016. (http://mathworld.wolfram.com/

GoldbachConjecture.html)

J. Ye and C. Liu, A Study of Goldbach’s Conjec-

ture and Polignac’s Conjecture Equivalence Issues,

Cryptology ePrint Archive, Report 2013/843, 2013.

(http://eprint.iacr.org/2013/843.pdf)

S. Zhang, “Goldbach conjecture and the least prime

number in an arithmetic progression,” Comptes

Rendus-Mathematique, vol. 348, pp. 241-242, Mar.

2010.

[19] Y. Zhang, “Bounded gaps between primes,” Annals
of Mathematics, vol. 179, no. 3, pp. 1121-1174, 2014.

[15]

[16]

[17]

[18]

Biography

Chenglian Liu received his B.S degree in Information
Management from National Union University in 1992 and
the MSc degree in National Defense from National De-
fense University in 2004. He studied his doctorate course
at Royal Holloway, University of London from 2006 to
2009 under the supervised by Chris Mitchell. He is with
a distinguished associate professor at Huizhou Univer-
sity since 2014. His research interests are in Key Agree-
ment and Password Authentication, Number Theory and
Cryptanalysis so on.



